Purpose -The purpose of this paper is to propose a screw axis identification (SAI) method based on the product of exponentials (POE) model, which is concerned with calibrating a serial robot with m joints equipped with a stereo-camera vision system. Design/methodology/approach -Different from conventional approaches, like the circle point analysis (CPA) or the system theoretic method which must collect a great deal of data, the identification of the joint parameters for the proposed method only needs to measure m þ 1 times for n (n $ 3) target points mounted on the manipulator end-effector. Findings -In this approach, the joint parameter, called a screw or twist, together with the actual value of joint angle can be obtained by linearly solving a closed-form expression. Further, this method avoids calibrating the hand-eye relationship and the exterior parameter of the robot. Originality/value -Finally, the stability and accuracy of the SAI method are evaluated by simulation experiments, and it is also verified well in practical experiments.
Introduction
In industry, the robot accuracy is currently one of the important factors to popularize the utilization of robots. To improve the accuracy, the procedure of the robot calibration is a key step. The robot calibration is the process of identifying the real geometrical parameters in the kinematic structure of an industrial robot, aimed to improve the absolute positioning accuracy of robots by software without changing robot structure or the robot control system (Roth et al., 1987; Elatta et al., 2004) . Particularly, Elatta et al. (2004) reviewed some work related to calibration, and pointed out the areas where robot calibration can lead to important accuracy improvement and/or cost saving opportunities, readers can refer to Elatta et al. (2004) for more details. And it includes the kinematic calibration that is mainly to correct position, orientation and angle of the robot joint, and the dynamic calibration which determines inertia parameters, actuator parameters, and deformation of the mechanism links (Karan and Vukobratovic, 1994) . However, the latter is of importance in the case of fast trajectory tracking and this case is still rare in industry today, which is why the identification of dynamic parameter received less attention. Therefore, the broad interest is considerably paid to the analysis and improvement of the kinematic accuracy.
Obviously, in order to actually obtain the robot pose, two things must be true. First, the kinematic model used by the controller must accurately reflect the actual robot. Second, the exterior calibration of robots, that is the location of the robot's base coordinate system with respect to the user defined global coordinate system, must be accurately known. However, in fact,
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As for the robot kinematic model, the most popular model is the Denavit-Hartenberg (D-H) model (Denavit and Harterberg, 1955) , which is not continuous when a consecutive pair of joint axes are parallel or nearly parallel. To overcome the singularity problem of the D-H model, a number of modified models have been proposed in the robot calibration literature, including the MD-H model (Hayati and Mirmirani, 1985; Hayati and Roston, 1988) , the S-model (Stone et al., 1986; Stone and Sanderson, 1988) , the zero-reference position model (Kazerounian and Qian, 1989; Mooring, 1984; Mooring et al., 1991) , the CPC model (Zhuang and Roth, 1992 , 1996 Meng and Zhuang, 2007) , and the product of exponentials (POE) model (Park and Okamura, 1994; Chen and Yang, 1997; Chen et al., 2001; Yang and Chen, 1997; Mustafa et al., 2008; He et al., 2010) . Generally speaking, a suitable model should meet at least two conditions: completeness and proportionality. In these models, the D-H and the MD-H models are neither complete nor proportional. And the S-mode is complete but not proportional. The zeroreference position model and the CPC model do possess completeness and proportionality, however some parameters are considered redundant, and those redundant parameters need to be eliminated (Meng and Zhuang, 2007) for better results. The POE model, which is based on twist theory, is also a zero-reference position model. In addition to its singularityfreeness like the traditional zero-reference, the POE model can uniformly express a rotation and a translation as a twist. Significantly, the kinematic parameters in the POE model vary smoothly when joint axes changes, thus, no special descriptions are required when adjacent joint axes are close to parallel. Because of these features, the POE model is considered more suitable for robot kinematics than others (Park and Okamura, 1994; Chen and Yang, 1997; Chen et al., 2001; Yang and Chen, 1997; Mustafa et al., 2008; He et al., 2010) . Particularly, Park and Okamura (1994) proposed a calibration method based on the global POE model under the assumption that the kinematic errors exist in the joint axes and the home position of the tool frame, and it is suitable for the monolithic robot. However, the proposed method in Park and Okamura (1994) is impractical for modular robots. Chen and Yang (1997) , Chen et al. (2001) and Yang and Chen (1997) resolved the kinematic calibration for modular robots by using the local POE model, where a reference frame is defined on each module. Furthermore, in Mustafa et al. (2008) , a kinematic calibration method is presented for a novel 7 DOF cable-driven robotic arm based on the local POE model. He et al. (2010) gave some useful math analysis based on the POE formula.
Generally, the kinematic model calibration is considered as a nonlinear least squares optimization problem , and two different ways are available: one is the system theoretic method, where all model parameters are identified simultaneously by employing the error model as a function of its parameters (Hayati and Mirmirani, 1985; Hayati and Roston, 1988; Kazerounian and Qian, 1989; Zhuang and Roth, 1992; Park and Okamura, 1994; Chen and Yang, 1997; Chen et al., 2001; Yang and Chen, 1997; Mustafa et al., 2008; He et al., 2010) , but complex matrix operations and singularity problems are usually considered. The other is the geometric-conspicuous identification method, where several steps of measurement and computation are employed, and each step identifies a subset of parameters by separate motion of one joint after the other, e.g. the circle point analysis (CPA) (Mooring et al., 1991) , screw axis measurement (Hollerbach et al., 1993) , and arm signature identification (Stone et al., 1986; Stone and Sanderson, 1988) . However, these methods usually require collecting a great deal of data which will result in a complicated measuring process. For a more comprehensive review of robot calibration techniques, the reader can refer (Elatta et al., 2004) for details.
In terms of the above-mentioned problems, a screw axis identification (SAI) approach is presented in this work based on the POE model, and it is also a kind of geometricconspicuous identification method but it is quite different from the above-mentioned geometric-conspicuous identification method (Stone et al., 1986; Stone and Sanderson, 1988; Mooring et al., 1991; Hollerbach et al., 1993; Sun et al., 2004) and the system theoretic method (Hayati and Mirmirani, 1985; Hayati and Roston, 1988; Kazerounian and Qian, 1989; Zhuang and Roth, 1992; Park and Okamura, 1994; Chen and Yang, 1997; Chen et al., 2001; Yang and Chen, 1997; Mustafa et al., 2008; He et al., 2010) . The main advantage of the proposed calibration method is that it only needs to measure m þ 1 (m is the number of the revolute joints) times for n(n $ 3) target points mounted on the manipulator end-effector, and the joint parameters can be obtained by linearly solving a closed-form expression. Moreover, this method avoids calibrating the hand-eye relationship and the exterior parameter of the robot.
As shown in the sketch of the calibration system shown in Figure 1 , where each joint is described as a twist consisting of the direction unit vector v i and the location of each screw axis r i . The world coordinate system is established on the measuring equipment, and the tool coordinate system is attached to the 3D camera which is mounted on the end-effector of the robot. It should be noted that the stereo-camera is used only to test the accuracy of the kinematic model after the calibration by calculating the position of a point in the space and comparing it with the coordinates obtained from the measurement system. Then, a zero-reference position for the manipulator is determined, and the relationship between the tool and the world coordinate systems in the zero position is gained by using the traditional 3D calibration approach. Furthermore, each joint is rotated alone from the zero position, collects at least three points which are not collinear mounted on the manipulator end-effector, and measures the end points only m þ 1 times in all, where m is the joint number of the robot. Finally, the twist parameter can be easily computed by a linear algorithm using these data. 
Preliminaries
The POE model According to Brockett (1984) , the POE model only needs two coordinate frames attached in an arbitrary position. As shown in Figure 1 , the world coordinate system {W} is fixed on the measuring equipment, and the tool coordinate system {T} is attached to the 3D camera mounted on the end-effector of the robot. Then, the kinematic model of the serial robot with m joints based on POE formula can be expressed as Park and Okamura (1994) :
where g wt (0) and g wt (u) is a 4 £ 4 transformation matrix of the tool coordinate frame with respect to the world coordinate frame in the zero-reference position and in an arbitrary position of the robot, respectively. It should be noted that the zero-reference position is a convenient position of the robot, and in this position all joint angles are set to zero.ĵ i is the twist of the ith joint. j i , which includes the twist parameters v i and r i , is the twist coordinate ofĵ i . v i and r i are, respectively, the direction unit vector and the location vector of the ith screw axis. r i is expressed as an arbitrary point on the screw axis v i , and u i is the nominal value of joint angle, where i ¼ 1, . . . , m. The twist can be expressed by a square matrix of dimension 4 as:
, then the expression of [v i ] £ is defined as:
eĵ i ui is called the exponential map ofĵ i , and is given by a square matrix of dimension 4 as:
Specially, when h i ¼ 0,ĵ i shows the pure revolute motion of the ith joint, correspondingly, eĵ i ui can be expressed by:
Description of the problem To establish the accurate robot kinematic model, g wt (0) and j i ðv i ; r i Þ need to be calibrated in equation (1). Actually, g wt (0), the initial transformation matrix from the camera coordinate frame to the world coordinate frame, is the exterior parameter of 3D camera mounted on the robot end-effector. Here, g wt (0) is considered as known since it can be easily obtained by the calibration approach of camera exterior parameters (Abdel-Aziz and Karara, 1971) . Therefore, the parameter identification mainly aims to calibrate the twist parameters v i and r i , i ¼ 1, . . . , m of each screw axis in this paper.
Basic principle
As shown in Figure 2 , consider one rotating joint which rotates from "position 1" to "position 2" about the screw axis v positioned at r, and assume that the transformation matrix from the {A} coordinate frame to the coordinate frame is, respectively, the matrices g ba (0) and g ba (u) before and after the rotation, then, we have:
where, the matrix E has been proven in Murray et al. (1994) as:
Then the parameters v and r can be computed from equation (7) when the matrix E is known. For the serial robot with m rotating joints, when each joint rotates alone from the zero position as in Figure 3 , the matrix E can easily be computed, thus, its twist parameters v and r can be obtained. Therefore, the procedure of our calibration includes the following four steps to the robot: 1 Measure the 3D coordinates values of end points mounted on the end of the robot before and after the rotation utilizing measurement equipment. 2 Calculate the matrix E using the data acquired in step 1. 3 Compute the twist parameters v and r from E in equation (7). 4 Repeat the above three steps for m times, then all the parameters of the robot can be obtained.
In the above procedure, we need to measure the end points first in the zero-reference position, then for each joint after rotation. Thus, we only need measure the end points for m þ 1 times in total for an m-joint robot.
Calibration method
Calculate the matrix E In this subsection, before we give the important theorem, some definitions are listed first as follows.
Definition 1. Denote x w and x t as the coordinate values of the end point in {w} and {T} defined in Figure 1 , and denote x w1 and x w2 as the coordinate values of the end point in {W} before and after the rotation, respectively.
Definition 2. Denote that X t , X w1 and X w2 are homogeneous coordinates of x t , x w1 and x w2 , such as X t ¼ ½x t 1 T , X wi ¼ ½x wi 1 T ; i ¼ 1; 2; then we have:
Definition 3. For n end points, denote the average of n points as x w1 and x w2 before and after the rotation, respectively. Then, based on the above definitions, we can give an important theorem as follows. Theorem 1. Given the coordinates x t , x w1 , x w2 , x w1i , x w2i , with the corresponding average x w1 , x w2 in Definition 3, and denote b i ¼ x w2i 2 x w2 , a i ¼ x w1i 2 x w1 ; i ¼ 1; . . . ; n for the calibration with n end points, then the matrix E in equation (7) can be given as:
with:
where I is a 3 £ 3 identity matrix, and the Cayley representation of rotation matrix w can be given from the following equation:
Proof. From equation (8), we have:
Combining equations (9) and (14) yields:
At the same time, formula (6) can also be expressed as:
From equations (7) and (16), (15) can be expressed as:
then equation (10) can be given by considering equation (5). Similarly, equation (17) can be rewritten as follows by considering equation (5):
which is equation (12). By considering Definition 3, and by subtracting the average value for each point, we have:
With the denotation of b i ¼ x w2i 2 x w2 , a i ¼ x w1i 2 x w1 , the above formula can be simplified as:
According to the Cayley representation (Wu and Hu, 2010) , a rotation matrix can be expressed as:
which is equation (11). Substitute equations (19) into (18), we have:
After a simple mathematical transformation, then:
According to the property of the skew-symmetric matrix, equation (20) can be modified as:
which is equation (13), and the proof is over. A It should be noted that since the rank of ½b i þ a i £ is two, at least two such equations are needed to solve w. Therefore, at least three points should be used in this calibration process, i.e. n $ 3. When w is solved by the above process, the rotation matrix R and the translation vector t can be computed from equations (11) and (12) one after another.
Twist parameter identification
From the above discussions, we have the Cayley representation w of the rotation matrix, then the rotation axis v and the rotation angle u can be derived as:
where the sign can be elected by forward and inverse rotation, respectively. In addition, it should be noted that the actual value of u obtained from equation (22) can be used for the joint offset. Moreover, from equation (5), we have:
Because ðI 2 e ½v £ u Þ is singular, a constraint should be added to obtain r. Since r is an arbitrary point on the axis v, without loss of generality, let v be perpendicular to r, then we have the following constraint:
To obtain the accurate value of r, two vectors perpendicular to v are given by Wu et al. (2011) : 
where I ¼ ½e 1 ; e 2 ; e 3 T . Furthermore, we assume:
then, by substituting equations (26) into (23), equation (23) can be rewritten as:
Then, the unknown a and b can be easily obtained from equation (27), and r can be obtained by substituting a and b into equation (26), thus, repeat the above procedure for m times, all the parameters of the robot can be identified.
Simulation experiments

Experimental introduction
In this section, we take a serial robot with six rotating joints as an example. Simulations will be performed to assess the stability and accuracy of the proposed method. Concretely, to validate the stability of the method, we rotate each joint of the robot three times separately, and compare the corresponding calibration results of robot joint parameters. The accuracy of the calibration method can be discussed based on the following equation:
where x i and x w are, respectively, the coordinate values of the space point P in {T} and {W}, and the notation of the coordinate frame is the same as in part A of third section, as shown in Figure 4 . Assume x t is known and accurate, then g st (u) can be obtained by substituting the calibrated v i and r i (i ¼ 1, . . . , 6) into equation (1). Hence, the accuracy of the calibration method can be assessed by analyzing the world coordinate value for the space point P from equation (28). In our two experiments, the theoretical values of the twist parameters in {W} of the serial robot are given in Table I , and the zero-reference position configuration of robot is shown in Figure 1 . For the simplicity of discussion, we can assume g wt (0) ¼ I, and the results for g wt (0) -I can also be given similarly. It should be noted that, in practice, g wt (0) is obtained by calibrating the exterior parameter of the 3D camera mounted on the end-effector of the robot, and X t is provided by the calibrated 3D camera.
Stability
The experimental setup for stability is mainly the same as the first subsection of simulation experiments. We design 27 end points, i.e. n ¼ 27, and add random noises to these points before and after rotation, then, the expression of equation (13) can be rewritten as:
is, respectively, the Gaussian noise with the mean square error from 0.1 to 1 mm, and each noise level is experimented 100 times. Then, we rotate each joint and measure the end points seven times, and the twist parameters of each joint are calculated by solving equation (29) via the algorithm in third section. Furthermore, the root mean square (RMS) error of the angle between v and v 0 , and the RMS error of the distance between r and r 0 are shown in Figure 5 (a) and (b), respectively. It can be easily seen from Figure 5 that the differences of the corresponding three results of each joint are all less than 2 mm/noise unit for r, and less than 0.058/noise unit for v, which shows that the SAI method is stable. Accuracy Generally, the measuring accuracy can be evaluated by the following expression: 
where 1 l , l ¼ 1, . . . ,10 is the measuring accuracy under the lth noise level, num is the experiment times under each noise level, here we set num ¼ 100, and the meaning of DX i , DY i and DZ i are the same as in part B of fourth section. Then, let X t ¼ ½100; 200; 300; 1 T , the rotation angle of each joint is, respectively, 208, 908, 2 1508, 21308, 508, 2 258, and these data are all considered to be accurate values. Furthermore, the twist parameters v i and r i , i ¼ 1, . . . ,6 are the results of rotating 1208 in Figure 5 . Substitute the above data into equations (1) and (28), we can obtain the world coordinate values of the space point P in different measuring accuracy, as shown in Figure 6 . The results show that the positioning accuracy for the SAI method is about twice as the measuring accuracy. However, in general case, the measurement accuracy is about ten times as much as the desired robot positioning accuracy (Jiang et al., 1988) . Therefore, the SAI method is a better method.
Practical experiments
In addition, the SAI method is also applied in practical experiments. The experiment system consists of a robot, a binocular camera and a measuring device, where, the robot is the 6-DOF MOTOMAN-UP6 robot, the binocular camera is the Bumblebee2 camera at 1,024 £ 768 resolution made by Point Grey Company, and the measuring device is the TM5100A theodolite made by Leica Company. The setup of the experimental system is shown in Figure 7 .
In this experiment, to verify the validity of the SAI method, some numerical value results are compared by measuring 16 points using the calibrated robot and the measuring device, respectively. The coordinate value measured by the robot which is calibrated by the SAI method is named of the calculated value, and denoted as X. While, the coordinate value measured by the measuring device is named of the true value, and denoted as X 0 , which is considered to be the ground truth. The difference between the calculated value and the true value can be written as:
The experimental results are shown in Figure 8 , where the x-axis is the point number, and the y-axis is the error between the calculated value and the true value.
It can be seen from Figure 8 that the positioning precision of the robot system is less than 2 mm which can satisfy the requirements of many industrial applications. However, the results also show that the positioning precision in the practical experiment is larger than that in the simulation experiment, and the reason is that the positioning precision of the robot system is affected not only by the robot calibration, but also by the camera calibration and the feature point extraction of image. In addition, the accuracy of the measuring device is 0.35 mm in the practical experiment. Therefore, if the accuracy of the measuring device, the camera calibration, and the feature point extraction of image is further improved, the positioning precision of the robot system will be even closer to the precision in the simulation.
Conclusion
An identification of parameters algorithm, the SAI method, is proposed based on the POE model. The high precision and In addition, the SAI method has several advantages as follows. First, it simplifies the calibration process, since the eye-to-hand transformation and robot exterior parameters are not needed at all; second, fewer points need be measured due to the use of the Cayley representation which expresses the rotation matrix, moreover, the end points need be measured only m þ 1 times in all; third, the actual value of the joint angle can be obtained, which could be used later for the joint offset; lastly, it gives a closed form solution to the parameters of the POE model. 
